How quantum correlations enhance prediction of complementary measurements 
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If there are correlations between two qubits then the results of the measurement on one of them 
can help to predict measurement results on the other one. It is an interesting question what can be 
predicted about the results of two complementary projective measurements on the first qubit. To 
quantify these predictions the complementary knowledge excesses are used. A non-trivial constraint 
restricting them is derived. For any mixed state and for arbitrary measurements the knowledge 
excesses are bounded by a factor depending only on the maximal violation of Bell's inequalities. 
This result is experimentally verified on two-photon Werner states prepared by means of spontaneous 
parametric down-conversion. 

PACS numbers: 03.65.-w, 03.67.-a 



Immediately after the discovery of quantum mechan- 
ics, it was realized that quantum correlations between 
two particles exhibit interesting counterintuitive features 
[l|. Assuming a pair of maximally entangled qubits S 
and M, the results of complementary measurements on 
qubit 5" can be, in principle, perfectly predicted from two 
appropriate measurements on qubit M. Later, it was 
shown that quantum mechanics predicts different values 
of certain correlations of measurement results than local 
realistic theories. Inequalities, which have to be satis- 
fied within the local realism, were derived by Bell |3|- 
The predictions of quantum mechanics were already sat- 
isfactorily experimentally confirmed using pairs of pho- 
tons entangled in polarizations [^ Qf. In this Letter, 
we analyze in detail how the correlations between the 
qubits prepared in a general mixed state enhance our 
ability to predict the results of complementary projec- 
tive measurements on one qubit when we know the mea- 
surement results on the other one. This enhancement 
can be described by the quantity that we will call com- 
plementary knowledge excess. We derive a non-trivial 
bound on the knowledge excesses which is determined 
only by the maximal violation of Bell inequalities Q- 
An experimental test of this restriction on complemen- 
tary knowledge excesses was performed using mixed two- 
photon Werner state prepared by means of spontaneous 
parametric down-conversion. 

We assume a general mixed state psM of a "signal" 
qubit S and a "meter" qubit AI. Performing two (ideal) 
projective measurements IIm,^'m o^i qubit M, the pre- 
diction of the results of mutually complementary mea- 
surements IlsiIIg on qubit S can be improved. Com- 
plementarity of measurements on a qubit means that 
Trllsill'^ = 1/2 for any i,j = 0, 1 {Ilsi,Ii.'gi are corre- 
sponding projectors). Assuming IIso — |^)s(^|,n5i — 
|^^)s(^^|i we can expand the state psM in the 
fo rm P SM = 

Vww^ ('|*).9 
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on the choice of the measurement lis ■ In order to predict 
the result of the measurement lis one needs to discrim- 
inate between the mixed states pM and pfj by a pro- 
jective two-component measurement IIm — {HmotUmi} 
(IImo +nAfi = 1, nA/oIlA/i = 0) on the qubit M. Using 
maximum likelihood estimation strategy, we can guess for 
each detection event the most likely result of the mea- 
surement Us- Our knowledge can be quantified as the 
fractional excess of the right guesses over wrong guesses 
in many such experiments repeated under identical con- 
ditions 13 • Using our expansion of psM, the total knowl- 
edge is K{IIm -^ Us) = J2i |TrMnMi(w/3M - w^pj^)\, 
whereas without the measurement IIm, the knowledge 
is P(n5) = I It; — w-^\. The largest value of knowl- 
edge over all IIm was introduced as distinguishability 
D(n5') = TrAf|(wpM — w^Pm)\- Further, we define a 
knowledge excess 



AK(nM -^ ns)K(nAf ^ Hs) - P(ns), 



(1) 



where < AK(nj\/ — > Us) < 1- It quantifies only 
that amount of the knowledge which exceeds the a-priori 
knowledge P(n5). The largest AK(nA,/ —> Us) over 
all IlAf can be considered as a distinguishability excess 
AD(ns). Thus < AK(nAf -^ Us) < AD(ns). Ana- 
logical quantities AK(n^ -^ U'g) and AD(n^) can be 
defined for the complementary measurement 11'^. 

Intuitively, for a given mixed state psM of a two-qubit 
system the knowledge excesses are somehow restricted by 
the properties of the state. To derive a quantitative con- 
straint, we will use the following expansion of the state: 
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1 and the meter operators pM, Pm, Xm depend 



J2k i=i^kiO'k (Xi cri), where 1 stands for the identity op- 
erator; mi,ni are vectors in R^; ai, I — 1,2,3 are the 
standard Pauli operators. The coefficients tki form a 
real correlation matrix T and the vectors mi and n; de- 
termine the local states ps = ^(1 -I- ^; n;CT;), pm — 
i(l-|-^; mjCT;). There is a subset of the states psM hav- 
ing a diagonal correlation tensor T = diag(f33,fii,i22), 
with the following property i^g > t\i,t^2- The local 



states are determined by the corresponding vectors fhi 
and n;. Any mixed state psM can be uniquely converted 
to a state psM using appropriate local unitary operations 
Q. Thus, just two orderings of the diagonal elements, 
i?i > Sn or i?i < t?9, remain to be discussed. 



can conclude that 
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Let us suppose the measurements ILs and ILm are con- 
structed from projectors to the vectors of the local bases 
in which 1^33 1 is maximal. Then AD = max(0, |i33| — 
|n3|). For tfi > t^2j Ist the measurements tl'g and H'^j 
be related to the bases in which |iii| is maximal so that 
AD' — max(0, |iii| — \ni\). Simultaneously, we express 
the violation of any Bell's inequalities employing the cri- 
terion from Ref. 5]: A state psM violates Bell's inequali- 
ties if its maximal Bell factor i?,nax = 2 v^fi+^ls lies in 
the interval (2, 2\/2] (notice also that Bmax is invariant 
under local unitary transformations). Analogical results 
can be derived for tf^ < t^^- AD' = max(0, |i22| — l"-2|)- 
Maximal Bell factor is then Bmax 

2 , * -F.,2 ^ ,-r^ ,„^2 



2V^l2+il3- Finally 
we obtain an inequality AD + AD'" < (i?max/2) valid 
for an arbitrary state psM ■ The equality occurs for states 
with zero a-priori knowledges. For such states a non-zero 
knowledge can be obtained only though the measurement 
on M. 

Now we generalize these results to any state psM 
as well as for arbitrary measurements lis , n'g , nj\/ , H'^^ , 
where lis, 11^ are complementary measurements. As 
pointed out, any mixed two-qubit state can be uniquely 
prepared from some state psM (of a special form dis- 
cussed above) by appropriate local unitary transforma- 
tions Us,Um acting on qubits S and M, respectively. 
Further, the transformation of the above chosen measure- 
ments Tig and W $ to arbitrary (but still complementary) 
measurements lis and li'g corresponds effectively to the 
extra local unitary transformation [/n acting on the qubit 
S. Since distinguishabilities AD(n5) and AD(n'5) are 
invariant under any local unitary transformation on the 
qubit M , it is sufficient to take into account only a joint 
unitary transformation Us — UnUs acting on qubit S. 
For any unitary transformations U there is a unique ro- 
tation O such that U{n ■ (t)W = (On) ■ a. If a state 
PSM with diagonal T is subjected to the Us <8) Um trans- 
formation its correlation matrix transforms as follows 
T = OsTO\j 7]. Thus a joint unitary transformation 
Us can be represented as a transformation of the corre- 
lation tensor T = OsT, where Os is a matrix of rotation 
in R^ space. 

First, we will explicitly calculate AD (lis) and 
AD(n^) for any mixed state using the transforma- 
tion T — OsT. Assuming i^^ > t^2 ^'^ ob- 
tain AD(n5) — max(0, ^7^33 + i§2 + ^31 ~ I'^sl) ^^'^ 
AD(n'g) = max(0, \/tf7+1f7+^ - Iml). Then 
we straightforwardly get AD^(ns) + AD^(n's) < 
(Sinax/2) . By analogous calculations we obtain the 
same result for tfi < t^2- Finally, since AK(nM -^ 
Hs) < AD(ns) and AK(n'^,^ -^ Wg) < AD(ny we 



AK2(nM ^ ns) + AK2(n;, ^ n'^) < 



B„ 



(2) 



Thus the maximal Bell factor represents a non-trivial 
bound on the sum of the squares of knowledge excesses 
which can be extracted from a pair of measurements on 
the "meter" qubit. Assuming IIm = H^^ we can also 
derive an inequality analogous to that given in Ref. Q: 
AK^ {Um ^ Hs) + AK^ {Um ^ B'^) < 1. Our anal- 



ysis shows that for IIm 7^ ^^'m the unit value on the 
right-hand side may be overstepped. Note also that 
(Sniax/2)^ > 1 only if the state violates Bell inequali- 
ties. For details of the proofs see Ref. j^]. 

A natural question is how inequality (O can be sat- 
urated. For the class of states with vanishing a-priori 
knowledges for any measurements Hs, U'g it can be sat- 
urated just by the appropriate choice of measurements 
Us,U'g,U]\f,U'j^,i. In fact, it corresponds to the trans- 
formation of the given state to the state with diagonal 
correlation tensor. It was recently shown that there are 
such unique local (stochastically reversible) filtering op- 
erations Fs , Fm applicable on a single copy of a qubit 
pair {FgFs < Is and FljF]\i < 1m) that transform 
(with a non-zero probability) any two-qubit mixed state 
into a state which is (i) diagonal in Bell basis and (ii) 
has the Bell factor B^^x — ^max !^- Since these Bell- 
diagonal states have the both local states maximally dis- 
ordered the a-priori knowledges vanish. Thus - because 
the inequality (|2Jl is satisfied also after the filtering ~ we 
can always saturate it with the upper bound given by 
^max just by an appropriate choice of the measurements 
Us,U'g,UM,U']^.j after the appropriate local filtering. 

We have verified inequality |2Jl experimentally for two 



Werner states of qubits, p|* )(4' 



i-p 



1 (each qubit 



was represented by a polarization of a photon) [10| . The 
parameter of the first Werner state {pi ~ 0.82) has been 
chosen so that the state was entangled and violated Bell 
inequalities, the parameter of the second one {p2 ~ 0.45) 
so that it was entangled but did not violate Bell inequal- 
ities. The scheme of our experimental setup is shown in 
Fig.n A krypton-ion cw laser (413.1 nm, 90 mW) is used 
to pump a 10-mm-long LiI03 nonlinear crystal cut for de- 
generate type-I parametric downconversion. We exploit 
the fact that the pairs of photons generated by sponta- 
neous parametric downconversion (SPDC) manifest tight 
time correlations. In our setup the photons produced 
by SPDC have horizontal linear polarizations. Differ- 
ent linear-polarization states are prepared by means of 
half- wave plates (A/2). The two photons impinge on two 
input ports of a beamsplitter ( BS) forming a Hong-Ou- 
Mandel (HOM) interferometer [111. ^ scanning mirror 
is used in one interferometer arm in order to balance the 
length of both arms, as indicated by an arrow in Fig.Q] A 
glass plate (GP), that introduces polarization dependent 
losses, serves to compensate a non-ideal splitting ratio of 
the beam-splitting cube (it is about 51:49 for vertical and 
55:45 for horizontal polarization). HOM interferometer 
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FIG. 1: Experimental setup. 



enables us to prepare conditionally polarization singlet 
states (i.e., |^~) Bell states). The simplest theoretical 
model of the beamsplitter leads to the conclusion that if 
one fetches Bell states at the input the only one of them 
that results in a coincident detection at two different out- 
puts of the beamsplitter is the singlet state |^^). How- 
ever, in case of a "real" beam-splitting cube one must 
take into account that the two photons strike upon a 
beamsplitter in opposite directions. So, the mutual phase 
(at the interface plane) of the horizontal components of 
the electric-field vectors from the two opposite inputs is 
shifted by 180° just for geometrical reasons. Therefore it 
is the triplet state \'^~^) that leads to a coincident detec- 
tion at different outputs. However, it is easy to change 
|^+) to |^~) by means of a half- wave plate placed in one 
output arm of the BS. 

The mesurement block in each output arm consists 
of a half- wave plate and polarizing beamsplitter (PBS). 
It enables measurement in any linear-polarization ba- 
sis. Behind the PBS the beams are filtered by cut-off 
filters and fed into multi-mode optical fibers leading to 
detectors Di,. . . ,D4 (Perkin-Elmer single-photon count- 
ing modules; quantum efficiency i] w 50 %, dark counts 
about 100 s-i). 

The Werner states were prepared as a "mixture" of 
three kinds of inputs. First we measured coincidences 
with horizontal and vertical polarizations in the individ- 
ual inputs of HOM interferometer (measurement time 
for each point in the following graphs was 22 s), then 
we added the results of measurement with two horizon- 
tally polarized input photons (this measurement period 
took 10 s), and finally we measured with two vertically 
polarized input photons (13 s). The different times of 
measurement compensated the influence of a glass plate 
(GP) for the vertical- vertical and horizontal-horizontal 
input polarizations. The different values of parameter p 
were obtained changing the position of the scanning mir- 
ror. Namely, we have measured at /im and 30 /zm from 
the dip center. 

The measurement Hm on the "meter" qubit was repre- 
sented by a measurement in different linear polarization 



bases parametrized by an angle i?: Hjv/ = {H|'^,Hj^^} = 
{IV'XV'UV'-lXV'-lI}, where \iP) = cosi}\H) +smi)\V) and 
\ip±) = smd\H) — cos^jy). The angle i? was set by 
a properly rotated half-wave plate. Similarly, two mea- 
surements on the "signal" qubit, Hg and H'^, were rep- 
resented by polarization measurements in two bases ro- 
tated by 45°: H^ = {H+,H^} = {\H){H\, \V)(V\},Il's = 
{H'+,H'5} ^ {\X){X\,\Y){Y\}, where \X) = {\H) + 
\V))/V2 and \Y) = {\H) - \V))/V2. In practice we 
measured coincidence rates between outputs H^ and 
Ug (it is denoted C"*""*"), between HJ^ and Hg (it is 
denoted C"* ), etc. (the first sign concerns the M- 
qubit, the second one the 5-qubit). Then the knowledge 
K(i?)|TrMsH+ (n+ -Hs )p| + \TTMs'niiiU+ -Us)p\ can 
be calculated from measured rates as follows 
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(3) 



Analogously the a- priori knowledge P|TrMs(n5 — H^ )p\ 
can be obtained as 



\{C++ + C-+) - {c+- + c- 
C++ + c+- + C-+ + c~ 



(4) 



The knowledge excess is given as AK(i?) — K(i^) — P. 
The quantities K'('(9), P', and AK'(i9) are obtained in 
the same way just with H'^ instead of Us- The maxi- 
mal violation of Bell inequalities, iJmax, can be obtained 
by measuring correlation functions for two different po- 
larization bases on each side. Namely, for the Werner 
states one can choose these bases rotated by 22.5° and 
67.5° (with respect to the vertical axis) on the one side 
and 45° and 0° on the other side: 



Sn,ax = |C(22.5°,45°) + C(67.5°,45°) 
+ C(22.5°,0°)-C(67.5°,0°)|, 



(5) 



where the correlation function C('!?i,i?2) is estimated 
from the measured data as 
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(6) 



Let us note that for Werner states the theoretical predic- 
tions of regarded quantities read: K = p | cos(2z?)|, K' ~ 
p|sin(2z9)|, P = P' = 0, B„iax = p2\/2. Clearly, max- 
imal value of AK {■&) + AK' (??') should appear for 
z9 = 0° (and 90°), i9' = 45°. 

The following graphs display our experimental results. 
In Fig. 12 there are plotted the squares of the knowledge 
excesses AK^ (i?) , AK' (i?) and their sum measured for 
the Werner state with parameter p « 0.82 (this param- 
eter was estimated from the best fit accordingly to the 
theoretical predictions for Werner states). The error bars 
show statistical errors. The accuracy of polarization- 
angle settings was about ±1°. Fig. 13 shows the sum 
AK^(??) -I- AK' (-(?') as a function of two angle vari- 
ables for the same Werner state. The maximal displayed 
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FIG. 2: The squares of the knowledge excesses and their sum 
measured for the Werner state with p « 0.82. Symbols show 
experimental values, full lines theoretical predictions (for p = 
0.82). 
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FIG. 3: The measured values of the sum AK^(i9) + AK'^(i?') 
as a function of two angle variables for the Werner state with 
p ~ 0.82. The maximal displayed value of the vertical axis 
shows the measured value of (_Bniax/2)^. 



value of the vertical axis determines the measured value 
of (-Bmax/2)^. The maximal measured Bell factor is 
Bmax = 2.36 ± 0.02 what is in a good agreement with 
the theoretical value for p = 0.82 that equals 2.319. 



The same kind of measurement is presented in Fig. 0] but 
now for the Werner state with p « 0.45. The correspond- 
ing measured maximal Bell factor is -Bmax = 1-32 ± 0.02 
(theoretical value for p = 0.45 is 1.273). As can be seen, 
for the both measured states the experiment has verified 
inequality ^. 

The measurement on the one of two correlated par- 
ticles give us a power of prediction of the measurement 
results on the other one. Of course, one can never predict 
exactly the results of two complementary measurements 
at once. However, knowing what kind of measurement 
we want to predict on "signal" particle, we can choose 




FIG. 4: The measured values of the sum AK^(i9)-f AK'^(i9') 
as a function of two angle variables for the Werner state with 
p « 0.45. The maximal displayed value of the vertical axis 
shows the measured value of (_Bmax/2)^. 



the optimal measurement on the "meter" particle. But 
there is still a fundamental limitation given by the sort 
and amount of correlations between the particles. Both 
these kinds of constraints are quantitatively expressed by 
our inequality. 
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